We develop a theory for option pricing with perfect hedging in an inefficient market model where the underlying price variations are autocorrelated over a time τ ≥ 0. This is accomplished by assuming that the underlying noise in the system is derived by an Ornstein-Uhlenbeck, rather than from a Wiener process. With a modified portfolio consisting in calls, secondary calls and bonds we achieve a riskless strategy which results in a closed expression for the European call price which is always lower than Black-Scholes price. We also obtain a partial differential equation for the option price and study the sensitivity to several parameters and the risk of the dynamics of the call price.
Introduction
In 1973 Fischer Black, Myron Scholes and Robert Merton obtained a fair option price assuming severe and strict theoretical conditions for the market behavior [1, 2] . The requirements under which these were developed include: (i) Absence of arbitrage opportunities, i.e., identical cashflows have identical values [3, 4] . (ii) Efficient market hypothesis, i.e., the market incorporates instantaneously any information concerning future market evolution [5] . (iii) Existence of a unique riskless strategy for a portfolio in a complete market [6] . Due to the random character of stock market prices [7] , the implementation of these conditions, especially condition (ii), indicates that speculative prices are driven by white (i.e., delta-correlated) random processes. At this point, one has to choose between a Gaussian white process [1, 2] or a white jump process. In this latter case and due to requirement (iii), the jump lengths also have to be known and fixed [8] . There are no other choices for modelling market evolution if the above requirements and ideal conditions are to be obeyed [9] .
From these three assumptions, condition (ii) is perhaps the most restrictive and, in fact, disagrees with empirical evidence since real markets are not efficient, at least at short times [10, 11] . Indeed, market efficiency is closely related to the assumption of totally uncorrelated price variations (white noise). But white noise is only an idealization since, in practice, no actual random process is completely white. For this reason, white processes are convenient mathematical objects valid only when the observation time is much larger than the autocorrelation time of the process 2 . And, analogously, the efficient market hypothesis is again a convenient assumption when the observation time is much larger than time spans in which "inefficiencies" (i.e., correlations, delays, etc.) occur.
Alternative models for describing empirical results of the market evolution have been suggested [12, 13] . In each of these, an option price can be obtained only by relaxing some or even all of the initial Black-Scholes (B-S) assumptions [14, 15] . Our main purpose in this paper is to derive a nontrivial option price by relaxing the efficient market hypothesis and allowing for a finite, non-zero, correlation time of the underlying noise process. As a model for the evolution of the market we choose the Ornstein-Uhlenbeck (O-U) process [16] for three reasons: (a) O-U noise is still a Gaussian random process with a finite correlation time τ and it has the property that when τ = 0 the process becomes Gaussian white noise, as in the original Black-Scholes option case. (b) The O-U process is, by virtue of Doob's theorem, the only Gaussian random process which is simultaneously Markovian and stationary [17] . In this sense the O-U process is the simplest generalization of Gaussian white-noise. (c) As we will see later on, the variance of random processes driven by O-U noise seems to agree with the evolution of the variance of the market, at least in some particular but relevant cases.
The Ornstein-Uhlenbeck process is not a newcomer in mathematical finance. For instance, it has already been proposed as a model for stochastic volatility (SV) [18] [19] [20] [21] [22] [23] . Our case here is rather different since, contrary to SV models, we only have one source of noise. We therefore suggest the O-U process as the driving noise for the underlying price dynamics when the volatility is still a deterministic quantity [24] .
The correlation in the underlying driven noise is closely related to the predictability of asset returns, of which there seems to be ample evidence [25, 26] . Indeed, if for some particular stock the price variations are correlated during some time τ , then the price at time t 2 will be related to the price at a pre-vious time t 1 as long as the time span t 2 − t 1 is not too long compared to the correlation time τ . Hence correlation implies partial predictability. Other approaches to option pricing with predictable asset returns are based under the assumption the market is still driven by white noise and predictability is induced by the drift [27] . Since the B-S formula is independent of the drift, these approaches apply B-S theory with a conveniently modified volatility. Our approach here is rather different because we assume the asset price variations are driven by correlated noise -which implies some degree of predictability. Therefore B-S theory is no longer valid. Summarizing, our purpose is an attempt to study option pricing and hedging in a more realistic framework that of white noise process presented by Black and Scholes. Our model includes colored noise and the dependence of the volatility on time. Both are empirically observed in real markets [28] . Empirical characteristic time scales are at least of the order of minutes and can affect option prices particularly when the exercising date is near and speculative fluctuations are more important. Presumably, this effect is negligible when correlation times are shorter (much shorter than time to expiration). In any case, it is interesting to know how, and by how much, the option price and its properties are modified when correlations in the underlying noise are significant.
The shortest way of getting the call price, and hence quantifying the effect of correlations on prices is by martingale methods. Unfortunately, this procedure does not guarantee that we obtain the fairest price since arbitrage and hedging are not included in this approach. It is therefore our main objective to generalize B-S theory not only to get a new call price but, more importantly, to obtain a hedging strategy that avoids risk and arbitrage opportunities.
From a technical point of view, we apply the B-S option pricing method but with a modified portfolio in a similar way as is done in SV models [19] . As we will show, this different portfolio allows us to maintain the conditions of a perfect hedging and the absence of arbitrage. Moreover, the price obtained using this way completely agrees with the martingale price.
The paper is divided into six sections. In Section 2 we present our stochastic model for the underlying asset. In Section 3 we develop a generalization of B-S option pricing for correlated assets. Section 4 concentrates on a derivation of the option price. The analysis of some results is presented in Section 5. Conclusions are drawn in Section 6 and technical details are left to the appendices.
The asset model
The standard assumption in option pricing theory is to assume that the underlying price S(t) can be modelled as a one-dimensional diffusion process:
where W (t) is the Wiener process. In the original B-S theory both drift µ and volatility σ are constants. Other models take µ = µ(t, S) and σ = σ(t, S) as functions of time and underlying price [9, 29] . The parameter σ is assumed to be a random quantity in the SV models.
Notice that if the time evolution of the underlying price is governed by Eq. (1) then S(t) is an uncorrelated random process in the sense that its zero-mean return rate defined by Z(t) = d ln S/dt − µ is driven by white noise, i.e.,
is the Dirac delta function 3 . Hence, the asset model immediately incorporates price return effects and meets the efficient market hypothesis.
We now assume that the underlying price is not driven by the Wiener process W (t) but by O-U noise V (t). In other words, we say that S(t) obeys a singular two-dimensional diffusion
where τ ≥ 0 is the correlation time. More precisely, V (t) is O-U noise in the stationary regime, which is a Gaussian colored noise with zero mean and correlation function:
We call the process defined by Eqs. (2)-(3) singular diffusion because, contrary to SV models, the Wiener driving noise W (t) only appears in one of the equations, and this results in a singular diffusion matrix [30] . Observe that now we deal with autocorrelated stock prices since the zero-mean return rate
We recall that δ(x) is a generalized function with the properties δ(x) = 0 for x = 0 and ∞ −∞ δ(x)dx = 1 [31, 34] .
that when τ = 0 this correlation goes to σ 2 δ(t 1 − t 2 ) and thus recover the one-dimensional diffusion discussed above. Therefore the case of positive τ is a measure of the inefficiencies of the market.
There is an alternative, and sometimes more convenient, way of writing the above equations using the asset return R(t) defined by R = ln(S/S 0 ), where S 0 = S(0). Instead of Eqs. (2)- (3), we may havė
where the dots denote time derivatives and ξ(t) = dW (t)/dt is Gaussian white noise defined as the derivative of the Wiener process. This process exists in the sense of generalized random functions [31] . The combination of relations in Eq. (5) leads to a second-order stochastic differential equation for R(t)
From this equation, we clearly see that when τ = 0 we recover the onedimensional diffusion case (1) 4 . We also observe that the O-U process V (t) is the random part of the return velocity, and we will often refer to V (t) as the "velocity" of the return process R(t).
In Appendix A, we give explicit expressions for V (t) in the stationary regime and for the return R(t). We prove there that R(t) is a non-stationary process with mean value m(t) ≡ E[R(t)] = µt, and variance
We also give in Appendix A explicit expressions for the joint probability density function (pdf) p(R, V, t), the marginal pdf's p(R, t) and p(V, t) of the second-order process R(t), and the marginal pdf p(S, t|S 0 , t 0 ) of the underlying price S(t). We also show that the velocity V (t) is, in the stationary regime, distributed according to the normal density: A consequence of Eq. (7) is that when t ≪ τ the variance behaves as
Equation (7) also shows a crossover to ordinary diffusion (B-S case) when t ≫ τ :
In Fig. 1 , we plot κ(t) along with the empirical variance from data of the S&P 500 cash index during the period January 1988-December 1996 5 . The dashed line represents results obtained by assuming normal-diffusion κ(t) ∝ t. Observe that the empirical variance is very well fitted by our theoretical variance κ(t) for a correlation time τ = 2 minutes. Furthermore, the result of this correlation affects the empirical volatility for around 100 minutes. These times are probably too small to affect call price to any quantifiable extent. However, the S&P 500 is one of the most liquid, and therefore most efficient, markets. Consequently, the effect of correlations in any other less efficient market might significantly influence option prices and hedging strategies.
Extended Black-Scholes option pricing method
In this section we will present a generalization of the Black-Scholes theory assuming that underlying prices are driven by O-U noise. We therefore eliminate the efficient market hypothesis but retain the other two requirements of the original B-S theory: the absence of arbitrage and the existence of a riskless strategy.
We invoke the standard theoretical restrictions -continuos trading without transaction costs and dividends-and apply the original B-S method taking into account that the underlying asset is not driven by white noise but by colored noise modelled as an O-U process. Unfortunately, this procedure yields a trivial expression for the price of the option (see below) and is therefore useless. To avoid this difficulty we define a different portfolio which is the first step towards the generalization of both the B-S equation and formula.
The original Black-Scholes method for driving Gaussian colored noise
We assume that market prices are driven by an O-U process as shown in Eqs. (2)-(3). Following Merton [32] we define a portfolio compounded by a certain amount ∆ of shares at price S, a quantity of bonds Φ, and a number Ψ of calls with price C, maturity time T and strike price K. We assume that short-selling is allowed and thus the value P of portfolio is written
where the bond price B evolves according to the risk-free interest rate ratio, r. That is
The portfolio is required to obey the net-zero investment hypothesis, which means P = 0 for any time t [32] . Hence,
where δ = ∆/Ψ and φ = Φ/Ψ are, respectively, the number of shares per call and the number of bonds per call. Due to the nonanticipating character of δ and φ we have
Using the Itô lemma for a singular two-dimensional diffusion (see Appendix B),
and, taking Eqs. (12)- (14) into account, we write
Now the assumption of delta hedging δ = C S , turns Eq. (16) into
This equation is still random due to the term with dV , representing velocity fluctuations. In consequence, Black-Scholes delta hedging is incomplete since it is not able to remove risk. The only way to derive a risk-free partial differential equation for the call price is to assume that the call is independent of velocity. In this case, C V = 0 and Eq. (17) yields
According to the final condition for the European call, C(S, t = T ) = max[S T − K, 0] where S T = S(T ), the call price is C(S, t) = max S − Ke −r (T −t) , 0 . Note that this is a useless expression because it gives a price for the option as if the underlying asset would have evolved deterministically like the risk-free bond without pricing the random evolution of the stock. In fact, there is no hint of randomness, measured by the volatility σ, in Eq. (18).
The main reason for the failure of B-S theory is the inappropriateness of B-S hedging. Indeed, delta hedging presumably diversifies the risk associated with the differential of asset price dS. Nevertheless, the differential of the asset price dS(t) is not a random quantity (see Appendix B) and B-S delta hedging is useless. Actually, what we have to hedge is the risk associated with dV which contains the only source of randomness, the differential of the Wiener process dW . All of this clearly shows the necessity of having a more complete method for evaluating the option price when the underlying asset is driven by an O-U process. We will do it next by defining a new portfolio which will allow us to maintain the complete market hypothesis.
The option pricing method with a modified portfolio
We present a new portfolio in a complete but not efficient market. The market is still assumed to be complete, in other words, there exists a portfolio with assets to eliminate financial risk. However, we relax the efficient market hypothesis by including the correlated O-U process as noise for the underlying price dynamics. Now, our portfolio is compounded by a number of calls Ψ with maturity T and strike K, a quantity of bonds Φ, and another number of "secondary calls" Ψ ′ , on the same asset, but with greater maturity time T ′ > T and, eventually, a different strike K ′ and payoff. Note that in the new portfolio there are no shares of the underlying asset. Thus, instead of Eq. (11), we have
After assuming the net-zero investment, we obtain
where φ ≡ Φ/Ψ is the number of bonds per call, and ψ ≡ Ψ ′ /Ψ is the number of secondary calls per call. We proceed as before, thus the nonaticipating character of φ and ψ allows us to write dC = φdB + ψdC ′ and, after using Itô lemma (15) for both dC and dC ′ , some simple manipulations yield
This equation can be transformed to a deterministic one by equating to zero the term multiplying the random differential dV . This, in turn, will determine the investor strategy giving the relative number of secondary calls to be held. Thus, instead of B-S delta hedging, we will have the "psi hedging":
This equation proves, as otherwise expected, that the call has the same partial differential equation independent of its maturity and strike. This has been suggested in a more theoretical setting for any derivative on the same asset [33] .
On the other hand, the two options, C and C ′ , have different expiration dates and eventually different strikes and payoffs. Then, analogously to the separation of variable method used in mathematics [34] , and proceeding in a similar way to that used in the study of SV cases both sides of Eq. (22) are assumed to be equal to an unknown function λ(S, V, t) of independent variables S, V , and t. We thus have
In the stochastic volatility literature, the arbitrary function λ(S, V, t) is known as the "risk premium" associated, in our case, with the return velocity [19, 21] . Let us examine this question next.
A derivation of the risk premium
We proceed to find a closed expression for the arbitrary function λ(S, V, t) that appears in Eq. (23). As we have said, the appearance of an unknown function in pricing options was first encountered in the context of SV models and we proceed similarly.
The call price C is a function of S, V , and t. We now consider this function taking into account that S = S(t) and V = V (t) follow Eqs. (2) and (3), respectively. This therefore allows us to evaluate the random differential dC using the Itô lemma, as a result we find that
After using Eqs. (23) and (3), we have
The expected value of dC, on the assumption that C(t) = C is known, reads
We claim that this average grows at the same rate as the risk-free bond:
since otherwise there would be arbitrage opportunities, at least in a statistical sense. Let us prove this. Define a portfolio Π which consists of a single call and a number of bonds, i.e., Π = C − φB. After one time step dt the variation of Π will be given by its (random) differential that we write in the form dΠ = dC − r(C − Π)dt, where we have taken into account the nonanticipating character of the bond number φ. The expected value of dΠ, under condition that Π(t) = Π and C(t) = C are known, reads
Suppose that Eq. (26) is not true, that is, E[dC|C] = rCdt. It then follows that E[dΠ|C, Π] = rΠdt. In this case, there would be arbitrage opportunities since the portfolio Π increases, on average, at a different rate than the risk-free bond. We therefore conclude that, if we want to avoid arbitrage, Eq. (26) must hold. The substitution of Eq. (26) into Eq. (25) yields the following expression for the risk premium λ(S, V, t):
We finally note that now the call dynamics, determined by its differential dC, is given by (see Eq. (24))
4 The call price and its equation
A substitution of Eq. (27) into Eq. (23) yields a closed partial differential for the call price C(S, V, t) which is
This constitutes a first generalization of the Black-Scholes equation. Equation (29) is not our final result because the call price given by Eq. (29) depends on the return velocity V which is an unknown and "unobservable" variable for any trader. Moreover, contrary to B-S theory, the differential equation (29) depends on the mean return ratio µ. In this section we discuss these questions.
A first approach to the call price
For the European call, Eq. (29) has to be solved with the following "final condition" at maturity time T
where S T is the underlying price at maturity and K is the strike price.
The solution to Eq. (29) subject to Eq. (30) is given in Appendix C and reads
where N(z) is the probability integral,
are given by Eq. (C.10) of Appendix C, and β(t, V ) = m(t, V ) + K 11 (t)/2, where m(t, V ) and K 11 (t) are given by Eqs. (A.5) and (A.7) of Appendix A.
The option price (31) depends on both the price S and the velocity V of the underlying asset at time t, i.e., at the time at which the call is bought. They are therefore the initial variables of the problem. However, while the initial price S is always known, the initial velocity V is unknown. In fact, V cannot be known by the trader. Since we have assumed that our O-U process has begun in the infinite past, the velocity is a zero-mean stationary O-U process so that the probability density function is as shown in Eq. (8). We therefore average over the unknown initial velocity and define C by
and from Eqs. (8) and (31) we have
where
κ(t) is the volatility defined by Eq. (7), andz 1,2 are given by Eq. (C.11) of Appendix C.
The price of the call
As mentioned above, Eq. (33) cannot be our final price yet because it still depends on the mean return rate µ. This rate could differ depending on whether µ is estimated by the seller or buyer of the option. Furthermore, in Eq. (33) there are hidden arbitrage opportunities. Let us first explain this.
As is well known any call, such as C(S, t), has to be bounded by [29, 35] max
for all 0 ≤ t ≤ T and S, K ≥ 0. From this we easily see that the call price must approximate the share price S when S ≫ K. In other words
Clearly, if this condition does not hold, there could be arbitrage opportunities. Now from Eq. (33) we see that
Hence the condition in Eq. (35) holds if, and only if, β(t) = rt. Evidently β(t) is different from rt for all t. Therefore, we must proceed in a similar way as in the martingale option pricing theory (see below) and define the O-U call price, C OU (S, t), as price C when β(t) is replaced by rt:
that is,
We observe that the original B-S theory does not require this extra step to derive a fair price. The reason for it is that, in the present case, hedging is done with a derivative, the secondary call, and not with the underlying stock. In consequence, our option method requires the validity of Eq. (36) in order to cancel µ and replace it by the bond rate r which thereby eliminates arbitrage.
Our final price is, explicitely,
where Equation (38) constitutes the key result of the paper. Note that, when τ = 0, the variance becomes κ(t) = σ 2 t and the price in Eq. (38) reduces to the Black-Scholes price
where d BS 1,2 have the form of Eq. (39) with κ(T − t) replaced by σ 2 (T − t). Therefore, the O-U price in Eq. (38) has the same functional form as B-S price in Eq. (40) when σ 2 t is replaced by κ(t).
In the opposite case, τ = ∞, where there is no random noise but a deterministic and constant driving force (in our case it is zero), Eq. (38) reduces to the deterministic price
We will prove that C OU is an intermediate price between B-S price and the deterministic price (see Fig. 2 )
for all S and 0 ≤ t ≤ T . In order to prove this it suffices to show that C OU is a monotone decreasing function of the correlation time τ , since in such a case
However, now C OU (τ = ∞) = C d and C OU (τ = 0) = C BS , which leads to Eq. (42). Let us thus show that C OU is a decreasing function of τ for 0 ≤ t ≤ T and all S. Define a function ν as the derivative
Since the τ dependence in C OU is a consequence of the variance κ(t, τ ), we
where Vega OU = ∂C OU /∂σ (see Sec. 5). But
for 0 ≤ t ≤ T which is seen to be non positive. From Eq. (53) below we see that Vega OU ≥ 0 for all S and 0 ≤ t ≤ T . Hence, ν ≤ 0 which proves Eq. (42).
Therefore, the assumption of uncorrelated underlying assets (B-S case) overprices any call option. This confirms the intuition understanding that correlation implies more predictability and therefore less risk and, finally, a lower price for the option. In fact, we can easily quantify this overprice by evaluating the relative difference Table 1 Values of D × 100, where D = (C BS − C OU )/C BS . T − t is the expiration time in days. Correlation times τ are 1, 2, and 5 days. The rest of columns are divided in three blocks corresponding to a different values of the moneyness S/K. From left to right blocks represent the OTM, ATM, and ITM cases. Notice the importance and the persistence far from maturity of the relative differences in price (r and σ as in Fig. 2 ).
T − t S/K = 0.95 S/K = 1.00 S/K = 1.05 money (ITM), out of the money (OTM) or at the money (ATM). The biggest difference between prices occurs in the case of OTM options. This is true because when S/K < 1, both C BS and C OU are small but C BS ≫ C OU (see Fig. 2 ). Depending on the value of correlation time τ this implies that D is approximately equal to 1. Another interesting point is that the behavior of D, with fixed value of S/K is a function of the expiration time T − t. In this case, D behaves quite differently depending on whether the call is in, out, or at the money. This behavior is evident in Figs. 4 and 5. Figure 4 shows D(S, t) as a function of expiration time T − t for an OTM option (S/K = 0.95) and the ATM option (S/K = 1) and for two different values (1 and 5 days) of the correlation time. Note that B-S notably overprices the option, particularly in the OTM case. In Fig. 5 we show plots of D(S, t) as a function of t for an ITM option (S/K = 1.05). This exhibits completely different behavior since the B-S overprice is considerably less (no more than 7%). Moreover, contrary to the ATM and OTM cases, the relative difference D(S, t) is a non monotone function of T − t, having a maximum value around one or two weeks before maturity. Although perhaps the most striking and interesting feature is the persistence of the B-S overprice far from maturity regardless the value of the correlation time. This is clearly shown in Table 1 where we quantify the ratio D in percentages for different values of moneyness, time to expiration and correlation time.
Generalization of the B-S equation
In Appendix D we demonstrate that the price C(S, t) satisfies the partial differential equation
Again when τ = 0 this equation reduces to the original B-S equation. Therefore, Eq. (44) is a generalization of the B-S equation for a non-vanishing correlation time and can be considered another key result of the paper. Note that when τ = ∞ Eq (44) reduces to the deterministic equation (18).
The call price by the equivalent martingale measure method
As was shown by M. Harrison, D. Kreps and S. Pliska, the B-S option price can also be found using martingale methods [36, 37] . This is a shorter, although more abstract way, to derive an expression for the call price. The main advantage is that one only needs to know the probability density function governing market evolution which, in turn, allows one to obtain an option price in situations where B-S assumptions are not applicable. The drawback is that one is not sure of whether the price obtained by martingale methods is the fair price of the call because of the omission of arbitrage and hedging.
We will now show that, in the present case, the price obtained by martin-gale methods completely agrees with our extended B-S price (38) . This supports our assumptions that arbitrage can be neglected by the replacement in Eq. (36) . The equivalent martingale measure theory imposes the condition that, in a "risk-neutral world", the stock price S(t) evolves, on average, as a riskless bond [37] .
Let p * (S, t|S 0 , t 0 ) be the equivalent martingale measure associated with asset price S(t) conditioned on S(t 0 ) = S 0 . Define the martingale conditional expected value
Then the risk-neutral assumption requires that
where r is the constant spot interest rate. On the other hand, the O-U process defined in Section 2 has the following expected value
Therefore, from Eq. (A.12) of Appendix A we see that the equivalent martingale measure when the underlying price evolves driven by an O-U process must be
which is the so called "the risk-neutral pdf" for the stock price and it is a consequence of the absence of arbitrage demmand. Now, it is possible to express the price for the European call option by defining its value as the discounted expected gain due to holding the call. That is [37] ,
and the final result for the call is obtained by calculating the expected values with the equivalent martingale measure defined in Eq. (45). The martingale price agrees exactly with our previous price in Eq. (38), C * (S, t) = C OU (S, t). We can thus say that, in the O-U case, both option pricing methods are completely equivalent although martingale theory does not require the construction of a portfolio and ignores any hedging strategy.
We have obtained a fair call price by means of the possibility of perfect hedging in our portfolio. In other words, risk has been removed from the portfolio. Nevertheless, this does not preclude the call being riskless since the dynamics of the call, as expressed by its differential dC, is random (cf. Eq. (28)). This happens regardless of the efficiency or inefficiency of the market as we will see even in the B-S case. Let us address this important issue next.
The strength of the fluctuations of dC, and hence the risk of the call dynamics, will be given by its variance E[(dC − E(dC)) 2 ], where in averaging, we assume that C(S, V, t) = C is known. Nevertheless, this variance is an infinitesimal quantity. We therefore define the measure of risk as
When the driving noise is O-U dC is given by Eq. (28), and
The averaged risk η OU (S, t) is defined by averaging (48) with respect to the stationary density (8) . After using Eq. (31) and the absence of arbitrage as expressed in Eq. (36), we get
If we assume that the driving noise is a Wiener proces, the call price will be given by the classic B-S method and
In this case η BS (S, t) = σSC S , so that the B-S formula implies
When τ = 0 this equation agrees with Eq. (49). We observe that the difference η OU − η BS has no definite sign which precludes our concluding that a B-S call risk is greater or lower than a O-U call risk. However, since η OU ≥ 0, and in the deterministic limit τ = ∞ we have η OU = 0, the O-U call risk decreases relative to the B-S call risk as the correlation increases. This indeed confirms our intuition. For intermediate correlation times η OU may be slightly greater than η BS depending on the values of moneyness and time to expiration. In Table 2 Cumulative risk during call life per share in percentages (H/S) × 100 (note that H/S is dimensionless) as a function of the maturity time T in days and moneyness S/K. The correlation time τ is measured in days and τ = 0 corresponds to the B-S case (r and σ as in Fig. 2 ).
T S/K = 0.95 S/K = 1.00 S/K = 1.05 fact, because κ(t) ≤ σ 2 t, for an OTM option where S/K ≤ e −rt , we have η OU ≤ η BS . In any other case the numerical analysis shows tiny (less than 1.5%) oscillations depending on the values of (T − t)/τ . Let H(S) be the cumulative risk during the call life. We define this function by
Unfortunately we cannot perform this integral analytically even in the simpler B-S case. In Table 2 we present some numerical values of the cumulative risk H OU (S) for the O-U case as well as a comparison with the B-S risk H BS (S). The numerical analysis shows that total risk of the call is lower in the O-U world than in the B-S world, although we have not been able to prove it analytically.
We briefly derive the Greeks for the O-U case. Since the O-U call price has the same functional form as the B-S price but replaces σ 2 (T − t) by κ(T − t), the O-U Greeks will have the same functional form as B-S greeks with the same replacement except for Vega = ∂C/∂σ, and θ = ∂C/∂t. Thus, for δ = ∂C/∂S, γ = ∂ 2 C/∂S 2 , and ρ = ∂C/∂r, we have [38] 
Since d
for all S and t and N(z) is a monotone increasing function, we see that δ OU ≥ δ BS and ρ OU ≥ ρ BS . Hence the O-U call price is more sensitive to changes in stock price and interest rate than is the B-S price.
On the other hand, from Eq. (38) and taking into account the identity
we have
and
, one can easily see that Vega OU ≤ Vega BS for all values of S/K, T − t and τ . Thus our correlated call price is less sensitive to any change of underlying volatility σ than is the B-S price. We conclude by defining the psi hedging. For the O-U case the hedging strategy is given by the function ψ given in Eq. (21) . Since ψ(S, V, t) depends explicitely on the unobservable V , we define, as usual, the averaged ψ(S, t) by
and, in the absence of arbitrage as defined by the condition in Eq. (36), we derive a final form for the hedging strategy in the O-U case. This requires numerical evaluation. The results of this evaluation are shown in Fig. 6 . We see there that the psi hedging tends to B-S delta hedging as the maturity time T ′ of the secondary call increases although the convergence is very slow. This is clearly seen in Fig. 7 where we plot ψ(S, t) as a function of the expiration time T ′ − t of the secondary call. In fact, one can easily prove, from the explicit expression of C(S, V, t) given in Eq. (31) , that as T → ∞ the call price tends to the share price S. Therefore, for a perpetual secondary call we have lim T ′ →∞ C ′ (S, V, t) = S and psi hedging coincides with delta hedging. 
Conclusions
We have developed option pricing with perfect hedging in an inefficient market model. The inefficiency of the market is related to the fact that the underlying price variations are autocorrelated over a finite time period τ . In order to take these correlations into account we have modelled the underlying price S(t) as a singular diffusion process in two dimensions (O-U process) instead of the standard assumption that S(t) is a one-dimensional diffusion given by the geometric Brownian motion.
The option pricing method has been developed by keeping perfect hedging with a riskless strategy which finally results in a closed and exact expression for the European call. Our pricing formula has the same functional form as the B-S price but replaces the variance of the Wiener process by the variance of the O-U process. The O-U variance, κ(t), is smaller than the B-S variance, σ 2 t, which implies that the equivalent volatility in the O-U case is less than B-S volatility 6 . But less volatility implies a lower option price. We have indeed proved that the B-S call price is always greater than the O-U price. In other words, the assumption of uncorrelated assets overprices the European call. This agrees with the fact that correlation, which can be regarded as a form of predictability, implies less risk and therefore a lower price for the option. We have quantified this overprice and showed that B-S notably overprices options and, more strikingly, that the overprice persists for a long time regardless of the strength of correlations. The practical consequences of this are nontrivial.
We have also analyzed the sensitivity of the O-U price to several conditions. Thus we have proved that while C OU is more sensitive to changes in the interest rate and stock price than C BS , it is also less sensitive to any change of the volatility. Furthermore, the dynamics of the call price is, in general, more risky in the B-S world than in the O-U world.
Perfect hedging is based on a modified portfolio different from that of B-S. The portfolio consists in replicating the call with certain amounts of secondary calls 7 and bonds. The proportion of secondary calls to be held is given by the psi hedging which converges very slowly towards B-S delta hedging when the maturity time of the secondary call tends to infinity. In any case psi hedging is always greater than delta hedging.
In practice our method of valuation requires the estimate of one more parameter, the correlation time, than B-S. Assuming that the underlying asset is driven by O-U noise one can find an estimate for the correlation time τ by evaluating the variance κ(t) of the asset return. Once one has an estimate of this variance the correlation time is given in Eq. (7).
We finally mention that one interesting extension of the valuation method presented is to the American option. Although this case is more involved, one is probably able to obtain, at least an approximate or a numerical result using a combination of first passage times and martingale methods, as recently presented by Bunch and Johnson [39] . In any case we believe that the effects of autocorrelations on the valuation of an American option will be even more critical than for the European call. This case is under present investigation.
The elements of K(t) are
The marginal pdf of the velocity V (t),
In the stationary state (t → ∞) we find a normal density independent of the initial velocity:
Analogously, the marginal density of the return is p(R, t|V 0 ) = 1
We recall that V 0 is an unknown variable and, since we assume that the underlying process has begun in the infinite past, V 0 is a random variable distributed according to the pdf in Eq. (8) . We therefore average the above density to obtain a pdf independent of V 0 . That is, p(R, V, t) = Alternatively, the distribution of the underlying price S(t) = S 0 e R(t) is given by the log-normal density In this Appendix we generalize the Itô formula for processes driven by OrnsteinUhlenbeck noise. This is applied to the share price S(t) which is governed by the stochastic equations (2)- (3). Consider a generic function f (S, V, t) which depends on all of the variables that characterize the underlying asset. The differential of f (S, V, t) is defined by df (S, V, t) ≡ f (S(t + dt), V (t + dt), t + dt) − f (S(t), V (t), t).
(B.1)
Since we follow the Itô convention the values of the process and its velocity, at the beginning of the time step, are fixed quantities. In other words, S(t) = S and V (t) = V are known variables. In consequence, the random evolution of price and velocity has to be sought in their differentials. In fact, dV is the only random differential while dS is deterministic. In effect, taking into account the Itô convention in Eq. (B.1), we see from Eq. (2) that at time t the differential of the share price S reads dS = S(µ + V )dt, (B.2) which shows the non-random character of dS. Analogously, from Eq. (3) we see that
and, in this case, dV is a random quantity.
Let us now go back to the differential of function f (S, V, t). The Taylor expansion of (B.1) yields df (S, V, t) = f S dS + f V dV +f t dt + 1 2 4) where the expansion also involves higher order differentials such as (dt) 2 , (dS) 3 , (dV ) 3 , etc.
On the other hand, the differential of the Wiener process, dW , satisfies the well known property, in the mean-square sense, dW (t) 2 = dt [30] .
From Eqs. (B.2)-(B.3) we then see that dS
2 is of order dt 2 while dV 2 is of order dt and dSdV is of order dt 
2κ(T − t) .
Thus the partial differential equation obeyed by C(S, t) is the same equation as that for g(S, t|Y, T ) (although the latter is easier to get). We see by direct substitution that g, and hence C, satisfy the partial differential equation
1 − e −(T −t)/τ S 2 C SS + rSC S − rC = 0, which agrees with Eq. (44).
